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1 Introduction 



The reader should see [K] for the standard descriptive set theoretic notation used in this paper. 
We study a definable coloring problem. We will need some more notation: 

Notation. The letters X, Y will refer to some sets. We set A(X) := {(xq, a;i) G X"^ \ xq = xi}. 

Definition 1.1 (1) Let A C X"^. We say that A is a digraph if A does not meet A(X). 

(2) Let Abe a digraph. A countable coloring of {X, A) is a map c: X —^lo such that A does not 
meet {cxc)~^[A{uj)). 

In [K-S-T], the authors characterize the analytic digraphs of having a Borel countable coloring. 
The characterization is given in terms of the following notion of comparison between relations. 

Notation, Let X, Y be Polish spaces, A (resp., B) be a relation on X (resp., Y), and F be a class of 
sets. We set 

{X,A) ^t{Y,B) ^ 3f:X^Y T-measurable with AC (/x/)-^(5). 

In this case, we say that / is a T-measurable homomorphism from (X, ^4) into iY, B). This notion 
essentially makes sense for digraphs (we can take / to be constant if B is not a digraph). 

We also have to introduce a minimum digraph without Borel countable coloring: 

• Let ip -.uj ^ 2<'^ be a natural bijection. More specifically, V(0) := is the sequence of length 0, 
tp{l) := 0, tp{2) := 1 are the sequences of length 1, and so on. Note that \'(p{n) | < n if n G w. Let nEoj. 
As |V^(n)| < n, we can define s„ := '0(n)O"'~l'^(")l. The crucial properties of the sequence {sn)nei>j 
wee the following: 

- {sn)n£ui is dense in 2^'^. This means that for each s G 2^'^, there is n G a; such that s„ extends 
s (denoted s C s„). 

- \sn\=n. 

• We put Go := {{snO'j, Snl^) \ n G a; and 7 G 2"^} C 2'^ x 2'^. Note that Go is analytic (in fact 
difference of two closed sets) since the map {n, 7) 1-^ {snOj, Sn^j) is continuous. 

The previous definitions were given, when r = A{, in [K-S-T], where the following is proved: 

Theorem 1.2 (Kechris, Solecki, Todorcevic) Let X be a Polish space, and A be an analytic relation 
on X. Then exactly one of the following holds: 

(a) There is a Borel countable coloring of{X, A), i.e., {X, A) :<^i (a;, ^A(a;)), 

(b) {2-',Go)^j,o{X,A). 

This result had several developments during the last decade. Here is a non-exhaustive Ust: 

- We can characterize the potentially open sets via a Hurewicz-like test, and in finite dimension it is 
a consequence of the previous result. Let us specify this. The following definition can be found in 
[Lo2] (see Definition 3.3). 
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Definition 1.3 (Louveau) Let X, Y be Polish spaces, Abe a Borel subset ofXxY, and T be a Borel 
class. We say that A is potentially in T (^denoted A e pot(T)^ if we can find a finer Polish topology 
a {resp., r) on X {resp., Y) such that A G T ((X, a) x (y, r)) . 

The pot(5]5) sets ^e the countable unions of Borel rectangles. A consequence of this is that 
the Borel hierarchy built on the Borel rectangles is exactly the hierarchy of the classes of the sets 
potentially in some Borel class. The good notion of comparison to study the pot(r) sets is as follows 
(see [L3]). Let Xq, Xi , Iq, Yi be Polish spaces, and Aq, C x be disjoint. We set 

{Xo,Yo,AlA\) < {Xi,Yi,Al,Al) ^ 

3f:Xo^Xi 3g:Yo^Yi continuous with A° C (/ x g)~^{Al ) for each e G 2. 

The following theorem is proved in [LI], and is a consequence of Theorem 1.2: 

Theorem 1.4 Let X, Y be Polish spaces, and Aq, Ai be disjoint analytic subsets of X xY. Then 

exactly one of the following holds: 

(a) The set Aq can be separated from Ai by a poti^^) = (A} x A})o- set (i.e., there is S G pot{Tii) 
with AqQSQ^Ai), 

(b) (2'^,2'-,A(2'-),Go) < {X,Y,Ao,Ai). 

In [LI], it is also proved that we cannot have / one-to-one in Theorem 1.2.(b) in general. It is easy 
to check that Theorem 1.2 is also an easy consequence of Theorem 1.4. This means that the study of 
the Borel countable colorings is highly related to the study of countable unions of Borel rectangles. 

- We can extend Theorem 1.2 to any finite dimension, and also in infinite dimension if we change the 
space in which Uves the infinite dimensional version of Gq (see [L2]). 

- B. Miller recently developped some techniques to recover many dichotomy results of descriptive 
set theory, but without using effective descriptive set theory. He replaces it with some versions of 
Theorem 1.2. In particular, he can prove Theorem 1.2 without effective descriptive set theory. 

When A is Borel, it is natural to ask about the relation between the Borel class of A and that of the 
coloring / when Theorem 1.2.(a) holds. This leads to consider A^ -measurable countable colorings 
(or equivalently I]°-measurable countable colorings). We have the following conjecture: 

Conjecture 1 Let 1 < ^ < uji. Then there are 

- a 0-dimensional Polish space X^, 

- an analytic relation on 

such that for any 0-dimensional Polish space X, and for any analytic relation A on X, exactly one of 
the following holds: 

(a) {X,A) {cu,^A{uj)), 

(b) (X^,A^) {X,A). 

We will prove it when 1 < ^ < 2, and in these cases we do not have to assume that A is analytic. 
We will also prove it when ^ = 3, which is much more difficult. We should not have to assume that X 
is 0-dimensional when ^ > 2, but we have to do it when ^ = 1. 
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We saw that the study of the Borel countable colorings is highly related to the study of count- 
able unions of Borel rectangles, and gave some motivation for studying S^-measurable countable 
colorings. This motivates the study of countable unions of rectangles. Another motivation is that 
{X, A) -'A{uj)) is equivalent to the fact that A(X) can be separated from A by a (I]^x5]^)o. 

set, by the generalized reduction property for the class (see 22.16 in [K]). 

Conjecture 2 Let 1 < ^ < wi. Then there are ^-dimensional Polish spaces , and disjoint analytic 
subsets A°, A| o/X^ x X| such that for any Polish spaces X, Y, and for any pair Aq, Ai of disjoint 
analytic subsets ofXxY, exactly one of the following holds: 

(a) The set Aq can be separated from Ai by a (5]^ x set, 

(b) (XO,X|,AO,Ai) < {X,Y,Ao,A,). 

It is trivial to prove this when = 1. We will prove that Conjecture 2 holds when ^ < 2, which is 
significantly more and more difficult when ^ increases. We use effective descriptive set theory, and 
give effective strengthenings of our results. The reader should see [M] for basic notions of effective 
descriptive set theory. In particular, we will see that to test whether an analytic relation has a S^- 
measurable countable coloring, it is enough to test countably many partitions instead of continuum 
many. We will use the topology generated by the S\ n 11° ^ subsets of a recursively presented 
Polish space (introduced in [Lol]) when ^ is 2 or 3 (Ti is just the basic topology). The last result can 
be strengthened as follows (see [L3]). 

Theorem 1.5 Let 1 < ^ < 2. Then there are 0-dimensional Polish spaces X^, X^ and disjoint analytic 
subsets A^, A^ o/X^ x X^ such that for any recursively presented Polish spaces X, Y, and for any 
pair Aq, Ai of disjoint subsets of XxY, the following are equivalent: 

(a) The set Aq cannot be separated from Ai by a (S" X S0)„ set 

(b) The set Aq cannot be separated from Ai by a A\ri (S^ x set. 

(c) The set Aq cannot be separated from A\ by a S5(T^ x T^) set. 

(d) AQV^T^'''^' i^t 

(e) (XO,Xi,AO,Ai) < (X,y,Ao,^i). 

2 Some general effective facts 

One can hope for an effective strengthening of Conjecture 1: 

Effective conjecture 1 Let 1 < ^ < wi. We can find a 0-dimensional Polish space X^ and an analytic 
relation A^ on X^ such that (X^, A^) j^^o (w, -iA(w)), and for any a£uj^ with 1 < ^ < ujf, for any 

0-dimensional recursively in a presented Polish space X, and for any Sl{a) relation A on X, one 
of the following holds: 

(a) {X,A) ^zii(„)nAO (^^,-^(0;)), 

(b) {X^,A^) {X,A). 
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We will see that this effective conjecture is true when 1 < ^ < 3. The following statement is a 
corollary of this effective conjecture, and is in fact a theorem: 

Theorem 2.1 Let 1 < ^ < , X be a 0-dimensional recursively presented Polish space, and A be 
a El relation on X. We assume that {X, A) :^^o (w, -iA(a;)). Then {X, A) i^/iipA^' ~'^(^))- 

A consequence of this is that to test whether an analytic relation has a S^-measurable countable 
coloring, it is enough to test countably many partitions instead of continuum many. Another con- 
sequence is the equivalence between Conjecture 1 and the Effective conjecture 1. We have in fact 
preliminary results that will help us to prove also the equivalence between (a)-(d) in Theorem 1.5, in 
the general case. 

Lemma 2.2 Let 1 < ^ < wp^, X, Y be recursively presented Polish spaces, A G Sl [X) fl 
B G Si (y ) n S^, and C G Sl {X x Y) disjoint from AxB. Then there are A' , B' e A\ r\ such 
that A' X B' separates A x Bfrom C. This also holds for 11° instead 

Proof. Note that A and {x G X | 3y G -B (x, y) G C} are disjoint Sl sets, separable by a subset 
of X. By Theorems 1.A and 1.B in [Lol], there is A' EA\r] S° separating these two sets. Similarly, 
B and {y^Y \ 3x G (x, y) G C} are disjoint Sl sets, and there is B' ^A\r] separating these 
two sets. The proof for 11^ is identical to the one for S^. □ 

Theorem 2.3 Let 1 < ^ < wf' , X, Y be recursively presented Polish spaces, and Aq, Ai be disjoint 
sl subsets of X xY. We assume that Aq is separable from Ai by a (S° x set. Then Aq is 
separable from Ai bya Aln {{A\ n S^) x {Al n 5]^))^ set. 

Proof. By Example 2 of Chapter 3 in [Lo2], the family [N{n, X))^^^ is regular without parameter. 
By Corollary 2.10 in [Lo2], W^iX), as well as = (U,7<{ nO(X))^, are regular without 

parameter. By Theorem 2.12 in [Lo2], I]°(X)x5]°(y) is also regular without parameter. By Theorem 
2.8 in [Lo2], the family $ := x is separating, which imphes the existence of 

SeAln^ separating Aq from Ai. 

With the notation of [Lo2], let n be an integer with (0°°, n) G and Cqoo^^ = S. Then (0°°, n) is 
in W^, which by Theorem 2.8.(ii) in [Lo2] is 

I {a,n)eW I 3/3eA\{a) VrnGw (a,^(m)) G W^sO(x)xsO(y) andCa,n= (J <^a,^(m) > ■ 

This implies that 5 G zi} n (zi} n (S^ x 5^°)) ^. It remains to check that 

Al n X = {Al n i]^) x {Al n i]^). 

The second set is clearly a subset of the first one. So assume that R = AxBeAI n (S^ x S^). We 
may assume that R is not empty. Then the projections A, B axe Sl since RE Al. Lemma 2.2 gives 
A',B'eAlnJ:'^^withAxBCA'xB'CR = AxB. □ 
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Recall that if ^ is a relation on X and DCX, then D is A-discrete if AnD^ = 0. 

Proof of Theorem 2.1. We apply Theorem 2.3 to Y := X, := and Ai :=A. As 

iX,A) 

A(X) is separable from yl by a (S^ x S^)<^ set. Theorem 2.3 gives Cn,Dn G Z\} n such that 
•5 := UnGtu ^ ^ ^1 separates A(X) from A. As the set of codes for A\ n subsets of X 
is i7^^ (see Proposition 1.4 and Theorem l.A in [Lol]), the Z\j^ -selection theorem and the separation 
theorem imply that we may assume that the sequences (C„) and are A\. Note that (C„ n is 
a A\ covering of X into yl-discrete A\ n sets. As X is 0-dimensional we can reduce this covering 
into a Al covering of X consisting of zl} n Xl^ sets, which are in fact A^. This gives the desired 
partition. □ 

Notation. Following [Lol], we define the following topologies on a 0-dimensional recursively in a 
presented Polish space X, for any a G uj'^. Let Ti{a) be the topology of X, and, for 2 < ^ < wi, 
T^{a) be the topology generated by the ^^1(0;) fl 11°^ subsets of X. The next proposition gives a 
reformulation of the inequality {X, A) :<Al{a)nA° ~'^(^)) of the Effective conjecture 1. 

Proposition 2.4 Let 1 < ^ < uj^ , X be a 0-dimensional recursively presented Polish space, and A 
be a Sl relation on X. Then {X, A) ^^jpao ('^j ~'^('^)) equivalent to A(X) n Al'^^'^^ =0. 

Proof. Assume first that (X, yl) ^/\inAO (f^i ~'^('^))- Then there is a partition (i?n) of X into 
yl-discrete A\ n sets. In particular, Theorem l.A in [Lol] implies that Bn is a countable union 
of A\ n sets if ^ > 2. In particular, 3^ is T^-open and A(X) is disjoint from a''^^'^^ (even if 

e=i)- 

Conversely, assume that A(X) n ^^"^^^^ = 0. Then each element a; of X is contained in a A- 
discrete El n 11^^ set (basic clopen set if ^ = 1). Lemma 2.2 implies that each element a; of X is in 
fact contained in a A-discrete A\ n 11° ^ set if ^ > 2. It remains to apply Proposition 1.4 in [Lol] and 
the /i]^-selection theorem to get the desired partition. □ 

One can also hope for an effective strengthening of Conjecture 2 generalizing Theorem 1.5: 

Effective conjecture 2 Let 1 < ^ < wi. Then there are 

- 0-dimensional Polish spaces X°, X^, 

- disjoint analytic subsets A^, of the space x X^, not separable by a (5)^ x S^)^ set, 

such that for any aGuj^ such that 1 < ^ < cof, for any recursively in a presented Polish spaces X, Y, 
and for any pair Aq, Ai of disjoint Sl{a) subsets of Xx Y, the following are equivalent: 

(a) The set Aq cannot be separated from Ai by a ( X S^)^ set. 

(b) The set Aq cannot be separated from Ai by a A\{a) H ( X SO)^ set. 

(c) The set Aq cannot be separated from Ai by a ^^(T^^a) xT^(a)) set. 

(e) (X0,X1,A0,a1) < (X,y,Ao,Ai). 
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In fact, the statements (a)-(d) are indeed equivalent: 

Theorem 2.5 Let 1 < ^ < , X, Y be recursively presented Polish spaces, and Aq, Ai be disjoint 
subsets ofXxY. The following are equivalent: 

(a) The set Aq cannot be separated from Ai by a X 5]°)^ set. 

(b) The set Aq cannot be separated from Ai by a A\r\ (5]^ x set. 

(c) The set Aq cannot be separated from Ai by a "^liT^ x T^) set. 

(d) AonA;^'''^'^(D. 

Proof. Theorem 2.3 impUes that (a) is indeed equivalent to (b). It also implies, using the proof of 
Proposition 2.4, that (c) implies (a), and the converse is clear. It is also clear that (c) and (d) are 
equivalent. □ 

A consequence of this is that Conjecture 2 and the Effective conjecture 2 are equivalent. 



3 The case ^ = 1 

(A) Continuous colorings 

As in [L3], we can separate Conjecture 1 in two parts. We introduce the following notion, that 
will help us to characterize the relations A for which there is a continuous homomorphism from A 
into any relation without countable continuous coloring: 

Definition 3.1 Let ^ be a countable ordinal, IIq := A]*, and H be a Q-dimensional Polish space. A 
family T of subsets ofX is joint if the elements of T are 11^ and pairwise disjoint. 

The first part ensures the existence of complicated examples. 

Lemma 3.2 (a) Assume that (Cf i)^2xuj '■^ 0-disjoint family of subsets of the space X such that 
,i)e2xuj ^i) 7^ ^ clopen set meeting ^\ (U(£,i)e2xa) Ue. CfxC})-discrete. 

Then iX,[j,^^ CfxCl) 2<^o {u,^A{u)). 

(b) There is a 0-disjoint family (Cf )(£,i)e2xw of subsets of 2'^ satisfying the assumption (and thus the 
conclusion) of (a). 

Proof, (a) We argue by contradiction, which gives f -.X^ lj continuous such that f{x) ^ f{y) if 
ix,y) G Uieui ^ ^i- '■= /~^({^}). so that {Dk)keu> is a partition of X into clopen 

sets discrete for IJiglj x C/. Choose z € ^\ (U(£ i)e2xa) ^D' ^ ^i^^ ^ ^ ^k- This gives 
{x, y) G (Uieo; CfxCl)f^ Dl, which is absurd. 

(b) We set Cf := NQ2^+s^, so that \J .^^ CfxCj = {(O^'la, O^'+i 1/3) | f G and a, /3 G 2'^}. Note that 
{0°°} = X\ (U(£,i)e2xc. Cf). If C is a clopen neighborhood of 0°°, then Nqi C C if i is big enough. 
This gives an integer i with (02*1°°, o2»+il°°) G (Uiet. x C/) n C^. □ 

The second part ensures the existence of the continuous homomorphism. 
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Lemma 3.3 Let X be a 0-dimensional Polish space, ((^^(g j)£2xLj ^-disjoint family of subsets 
ofX, X be a Q-dimensional Polish space, and Abe a relation on X. Then one of the following holds: 

(a) iX,A) (w,-A(w)), 

(b) (X,Ue. C^^Cf) {X,A). 

Proof. Assume that (a) does not hold. Let us fix a compatible complete metric on X. In the sequel, 
the diameter will refer to this metric (this will also be the case in all the proofs where diameters are 
involved to come). We enumerate a basis [N{p, X)'j^^^ for the topology of X made of clopen sets. 

• We build 

- an increasing sequence of integers {pi)i£uj, 

- a sequence {xk)k€Lj of points of X. 

We want these objects to satisfy the following conditions: 

(1) {x2i,x2i+i)eAnN{pi,xf 

(2) Nip,+^,X)CN{pi,X) 

(3) diam(iV(K,X))<2-^ 

(4) There is no covering of N{pi,X) consisting of ^-discrete clopen subsets of X 

• Assume that this is done. Then we can define a point x of X by {x} = Clietu ^(Pi^-^)- Note that 
{xk)keoj tends to x. We define / : X ^ X by /(z) := x if z ^ U(e,j)G2x<^ ^f, f{z) := X2i+e if ^ € Cf. 
Note that / is continuous. Moreover, {f{y), f{z)) = {x2i, X2i+i) € A if {y, z) € x C}, so that (b) 
holds. 

• Let us prove that the construction is possible. We set A^(p_i,X) := X. Assume that {pi)i^i and 
{x2i,X2i+i)i<i satisfying (l)-(4) have been constructed, which is the case for I = 0. We choose a 
covering of N(pi^i, X) with basic clopen sets of diameter at most 2~', contained in N{pi_i, X). 
Then one of these basic sets, say N{pi,X), satisfies (4). It remains to choose {x2i, X21+1) in the set 
AnN{pi,X)\ □ 

We set Xi := 2'^ and Ai := {(O^Ua, O'^'+^ip) \ ieu aad a, p e 2'^} = Uiea; ^ so that Ai 
is a Yl^ relation on Xi. 

Corollary 3,4 Let X be a Q-dimensional Polish space, and Abe a relation on X. Then exactly one 
of the following holds: 

(a) {X,A) ^^0 (a;,-A(a;)), 

(b) {Xi,A,) ^s<, {X,A). 

Moreover, there are a non Q-dimensional Polish space X, and a closed relation A on X, for which 
neither (a), nor (b) holds (with this couple (Xi, Ai) or any other). There are also a Q-dimensional 
Polish space X, and a relation Aon X (a difference of two closed sets), for which it is not possible 
to have f one-to-one in (b) (with this couple (Xi, Ai) or any other). 



8 



Proof. Note first that (a) and (b) cannot hold simultaneously, by Lemma 3.2. Lemma 3.3 implies that 
(a) or (b) holds. 

• Consider now X :=M and ^:={(0, 1)}. Then (a) does not hold since M is connected. If (b) holds, 
then we must have /(O^Ua) = and /(O^'+^l/?) = 1. By continuity of /, we get /(0°°) = = 1. 

This would be the same with any (Xi,Ai). Indeed, as (Xi,Ai) 2<^o (w, -iA(a;)), we have 

no[Ai] n ni[Ai] ^ 0, since otherwise there would be a clopen subset C of the 0-dimensional space 
Xi separating no[Ai] from ni[Ai], and we would have A(Xi) C U (-iC)^ C -lAi. So we can 
choose a; G Ho [Ai] n Hi [Ai], xn G Hq [Ai] such that {xii) tends to x, 1/21+1 £ Hi [Ai] such that (?/2i+i) 
tends to x, y2i with {x2i, y2i) e Ai, and X2i+i with (a;2i+i, y2j+i) e Ai. Then /(a;2i) = 0, /(y2j+i) = 1 
and we conclude as before. 

• Consider X := 2'^ and A := {0°°}x (2'^\{0°°}). Then (a) does not hold since if a clopen subset C 
of 2"^ contains 0°°, then it contains also some a 7^ 0~, so that (0°°, a)eAr\ C^. If (b) holds, then 
/(0^*1q;) = 0°° for each integer i and / is not one-to-one. 

This argument works as soon as no[Ai] has at least two elements. If we argue in the other factor, 
then we see that an example (Xi,Ai) with injectivity must satisfy that Ai is a singleton 
As (Xi, Ai) ^5^0 (2'^, Go), a / /3. So take a clopen subset C of Xi containing a but not (3. Then 
A(Xi)CC2 U (^C)2c^Ai. □ 

The notion of a 0-disjoint family is essential in the following sense: 

Proposition 3.5 Let Xbe a 0-dimensional Polish space, and Abe a relation on X. The following are 

equivalent: 

(a) For any 0-dimensional Polish space X, and any relation A on X, 

{X,A) 2<^o (a;,-A(a;)) => (X,A) ^5,? iX,A). 

(b) There is a 0-disjoint family (C?)(£^j)£2xa) of subsets o/X such that A C IJ^^^ Cf x C^. 

Proof, (a) =^ (b) We set X := Xi and A := Ai. By Lemma 3.2, we get / : X -)■ 2^^ such that 

AC(/x/)-i(Ai). WesetCf:=/-i(iVo2.+ei). 

(b) => (a) By Lemma 3.3 we get (X, [J .^^ CfxCD i^, A), so that (X, A) ^ 

(B) Countable unions of open rectangles (i.e., open sets) 

The content here is completely trivial. It is just the fact that a subset of a metric space is not open 
exactly when it contains a point that we can approximate by a countable sequence contained in its 
complement. We give some statements since the situation will be more complicated in the case ^ = 2. 
As in (A) we can characterize the tuples (X'^, X^, A°, A^) <-below any tuple {X, Y, ^0, ^1) with Aq 
not separable from Ai by a (Ej x 5]5)(t set. 
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Lemma 3.6 (a) Assume that {C?)i^i^ is a 0-disjoint family of subsets of the space such that 

(X°\(Ue. CfMx\Ue. CD) and no open set meeting (XO\(Ue. CfMX\U^^ Cf)) 
is disjoint from [j^^^ C^xC}. Then (X°\(Uig^ C°)) x (X^ \ (Ui^^ C})) is not separable from 
Ue. C^xC}bya{i:\xT.l)^set. 

(b) There are 0-disjoint families of subsets of 2^ satisfying the assumption (and thus the conclusion) 
of(a). 

Proof, (a) is obvious. 

(b) We set Cf := N^n, so that jJie^ Cf x C/ = {(OUa, 0*1/3) | ieojanda,(3 e 2^}. Note that 
{0°° } = X^ \ (Uie^ Cf ) . If O is an open neighborhood of (0°° , 0°° ), then iV^. c O if Hs big enough. 
This gives an integer i with (0*1°°, 0*1°°) G ((J^e^ C° x C/) n O. □ 

Lemma 3.7 Let X^, X^ be 0-dimensional Polish spaces, (C?)jga; be a 0-disjoint family of subsets of 
X^, X, Y be Polish spaces, and Aq, Ai be disjoint subsets ofXxY. Then one of the following holds: 

(a) Aq is separable from Ai by a (S'j' x S5)(7 set, 

(b) (xO,Xi,(xO\(Ue. t^?))x(X^(Uec. ^/)),Ue. CfxC^) < {X,Y,Ao,A,). 

Proof. Assume that (a) does not hold. Pick (x, y) G Aq n Ai, and {xi,yi) in Ai tending to (x, y). We 
define / : X° X by /(z) := x if 2: ^ Uieu Xiif ze Cf. Note that / is continuous. Similarly, we 
define 5 : X^ ^ y, so that (b) holds. □ 

We define Xf := 2-, A? := {(0°°,0°°)} = (X? \ (U,e^ Cf)) x (Xi\(U,e^ C})) and also 
A] := {{O'la, 0*1/3) | ieu and a, ^ G 2'^} = IJieo; C'i' x C*/- (A) we get the two following 

consequences: 

Corollary 3.8 Let X, Y be Polish spaces, and Aq, Ai be disjoint subsets ofX x Y. Then exactly one 

of the following holds: 

(a) A^) is separable from Ai by a (S^ x set, 

(b) {XlX\AlK) < iX,Y,Ao,Ai). 

Proposition 3.9 Let X°, X^ be 0-dimensional Polish spaces, and A°, C X° x X^ be disjoint. The 

following are equivalent: 

(a) For any Polish spaces X, Y, and any Aq, A1C.X xY disjoint, 

Ao is not separable from Ai by a {T,^xT,^)^ set ^ (X°,X\A°,A^) < {X,Y,Ao,Ai). 

(b) There is a 0-disjoint family {Cf)i^u of subsets ofX^ such that the inclusions A^ C IJ^^^ Cf x Cf 
a„JAOc(xO\(Ue. Cf))x{X^\U^^ CD) hold. 
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4 The case ^ = 2 

(A) Baire class one colorings 

Lemma 4.1 (a) Assume that {Cf)(^^^i\^2y.u) '■^ l-disjoint family of subsets o/X such that no non- 
empty clopen subset of ^ is {[j^^^ C'^ xC})-discrete. Then (X, [J.-^^, C°xC/) (cj, -iA(tj)). 

(b) There is a l-disjoint family (C?)^^ j)£2xa; of subsets of oj^ satisfying the assumption (and thus the 
conclusion) of (a). 

Proof, (a) We argue by contradiction, which gives a Ag-measurable map f-.X^oo with f{x)^f{y) 
if (x, y) G IJ.g^ Cf X C}. We set := f~^{{k}), so that {Dk)keuj is a partition of X into sets 
discrete for IJiecj ^ ^l- Baire's theorem, there are an integer k and a nonempty clopen subset 
C of X such that Dk contains C. This gives {x, y) G {{j^^^ (7° x C}) n C {{j.^^ (7° x C}) n Dl, 
which is absurd. 

(b) Let 6:w^a;<'^ be a bijection. We set Cf :={6(z)(2|6(i)|+£)°°}, so that 
U C°xC/ = {(u(2Hr,n(2H + ir) |^xGa;<-}. 

If 7^ C G A?(a;'^), then C contains some basic clopen set N^, and ('u(2|n|)°°,'u(2|n| + l)°°) is in 

Remark. There are a l-disjoint family (Cf )(£ j-)g2xcj of subsets of u'^ , and a relation A on a;'^ such 
that {uj'^ , A) 2<^o (tj,-.A(tj)) and (tj'^, [J.^^^ C^xC/) 2<so (w'^, A), so that Lemma 3.3 cannot be 
extended to S^-measurable countable colorings. 

Indeed, we set Cf := {ti(2i + e)°° | n G a;*} and ^ := { (n(2|u|)°°, n(2|ti| + 1)°°) | uGa;<"}. 
Then (Cf j)£2xaj is clearly a l-disjoint family. Lemma 4.1 gives the first assertion. For the second 
assertion, assume, towards a contradiction, that f -.uj^ ^oj^ is continuous and satisfies the inclusion 
Uiea; Cf X C/ C (/ x /) -1 (^). If i G uj, then there is G a;<'^ with 

f[Cf]xf[Cl]Q{{uii2\ui\rM'^\ui\ + ^r)}- 
In particular, for any a, /? G a;'*' we get 

(/(«), /(^))=limi^oo (/((a|i)(2i)-),/((^|i)(2i+l)~)) 

= limi^oo (ui(2|t/i|)°°,ni(2|t/i| + l)°°). 

But this implies that / is constant, which is absurd. To fix this, we refine the notion of a ^-disjoint 
family. 

Definition 4.2 Let 1 < ^ < coi- A ^-disjoint family (Cf j)g2xw of subsets of a Q-dimensional Polish 
space X is said to be comparing if for each integer q there is a partition {p^)p^u ofX into A° sets 
such that, for each i&uj, 

(a) if q<i, then there is PgGuJ such that C° U Cf C.Oq'^, 

(b) ifq>iandee 2, then Cf C Of+^. 
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Lemma 4.3 There is a comparing 1-disjoint family (C'?)(£ j)£2xLj of subsets of u'^ satisfying the 
assumption (and thus the conclusion) of Lemma 4.1. (a). 

Proof. Let h:u^ oj^'^ be a bijection satisfying b~^{s)< b~^{t) if s C t. It can be built as follows. Let 
{Pq)qGu} be the sequence of prime numbers, aad I:uj^'^ ^lu defined by I{s) :=Po^°^^^".p^^^|'^']~^^^^ if 
s 7^ 0, and /(0) := 1. Note that / is one-to-one, so that there is an increasing bijection 99 : /[a;^'^] — ^cj. 
We set 6 := (93 o J)^^ : uj -> u'^^. We define (Cf )(£,t)e2xaj as in the proof of Lemma 4. l.(b), so that 
{Ci )(e,i)e2xui is a 1-disjoint family. It remains to see that (C?)(£ j)£2xLj is comparing. We set 

( \i){2m\+e)'^^i<o (\»(i)\+i)-\Hi)\ ifp = 2i+e<2q+l. 



'^n(Up'<25+i Oi;')ifp = 2q + 2, 
Jifp>2q+3, 

so that (Og)pg(^ is a partition of oj^ into A° sets. Note that (b) is fulfilled. If q<i, then there is at 

most one couple {j, e) £ {q+l)x2 such that b{j){2\b{j)\+e)^^^^<i is compatible witii 

b{i). If it exists and if |6(i)| > max^^ + 1), then C° U C Og^^' and we set := 2j+£. 

Otherwise, C° U C 0^^+^ and we set p\ := 2q+2. □ 

We have a stronger result than Conjecture 1, in the sense that we do not need any regularity 
assumption on A, neither that X is 0-dimensional. 

Lemma 4.4 Let \ be a 0-dimensional Polish space, (Cf)(j j)g2xa; ^ comparing 1-disjoint family 
of subsets o/X, X be a Polish space, and Abe a relation on X. Then one of the following holds: 

(a) {X,A) {lo,^A{uj)), 

Proof. If A is not a digraph, then choose xq with [xq, xo)eA, and put f{x):=XQ. So we may assume 
that A is a digraph. We set 

C/:=(j|yGE?(X) I 3DGn?(a;xX) Fc(J and VpGw ^ n £>^^0}. 
Case \.U = X. 

There is a countable covering of X into A-discrete sets. We just have to reduce them to get a 
partition showing that (a) holds. 

Case 2.U^X. 

Then F :=X\?7 is a nonempty closed subset of X. 

Claim T/'y G (X) meets Y, then V r\Y is not A-discrete. 

We argue by contradiction. V r\U can be covered with some Upew -^p's> so is V. Thus 
F C J7, so that V r\Y <ZU\U = which is the desired contradiction. o 
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• We construct a family (x„)„g(^<w of points of Y, and a family (^u)uga;<" of open subsets of Y. 
We want these objects to satisfy the following conditions: 

(1) XueXu 



(2) Xup'^^Xii 



(3) diam(X„)<2-l"l 

(4) {Xu(2n) , Xu{2n+1) ) G A if ?i G 

(5) Xy^(^2n+e) = a:„ if li ^ and £ G 2 

• Assume that this is done. We define / : X ^ y C X by 

where pi satisfies x G Of* witnessing comparability, so that / is continuous. Note that f{x) is the 
limit of and that a:„(2|„|+£)=x„(2|„|+e)2 = ... = x„(2|„|+e),+i for each (u, e) Ga;<'^x2. Thus 

/(x) = limg^oo Xu{2\u\+e)i+^=Xu{2\u\+e) if x G Cf and u :=p^...p*_p and 

{f{x), f{y)) = {Xu{2\u\),Xu{2\u\+l))^A 

if (x, y)eCfx C}. So (b) holds. 

• Let us prove that the construction is possible. We choose Xtj^^Y and an open neighborhood Xq^ of 

x^ in Y, of diameter at most 1. Assume that {xu)uew^'' (^u)uga)^' satisfying (l)-(5) have been 
constructed, which is the case for I = 0. 

An application of the claim gives (Xu(2i) i Xy^(^2i+i) ) G A n X"^ if G w'. We satisfy (5), so that the 
definition of the x^'s is complete. Note that gX„|; if uGw'"*"^. 

We choose an open neighborhood Xu of x„ in Y, of diameter at most 2~'~^, ensuring the inclu- 
sion X„CX„|;. □ 



We set X2 :=w'^ and A2 := { {u{2\u\)°° ,u{2\u\+l)°°) \ tiGa;<'^} =Uea; x*^/' so that A2 is 




a S2 relation on X2. As in Section 3. (A) we get the two following consequences: 



Corollary 4.5 Let X be a Polish space, and Abe a relation on X. Then exactly one of the following 
holds: 

(a) {X,A) ^^0 {u,^/\{u)), 

(b) iX2,A2) ^s? iX,A). 

Proposition 4.6 Let Xbe a 0-dimensional Polish space, and Kbe a relation on X. The following are 
equivalent: 

(a) For any Polish space X, and any relation A on X, 

{X,A) 2<^o (a;, -AM) ^ (X,A) {X,A). 

(b) There is acomparing 1-disjoint family (C'?)^^ j)g2xa) of subsets ofXsuchthatAC.\J.^^ CfxCj. 
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(B) Countable unions of E2 rectangles 

Lemma 4.7 (a) Assume that (C'f )(£,i)g2x(^ ^ 1-disjoint family of meager subsets ofX such that 
no nonempty clopen subset ofX is (UigLj ^ C})-discrete. Then A(X\ (|J^^ i)e2xaj 

separable from [j^^^ CfxCfbya (5]0(X\(Ue. C})) xT,^,{X\{[j^^^ Cf))\set. 

(b) There is a comparing 1-disjoint family (C?)(£ j)£2xa; of subsets of oj^ satisfying the assumption 
(and thus the conclusion) of (a). 

Proof, (a) We argue by contradiction, which gives C„ G n5(X\(|J^g^ C})) on one side, and also 

i^„Gn?(X\(Ue. C^.)) withA(X\(U(,,,)e2x. Crf))cUnec. (C^n x ^ -(Ue. C^i^C}). 
In particular, X\ (U^^^ i)e2xa) ^t) ~ Unew Baire's theorem gives n and a nonempty 

clopen subset C of X such that C\(U(e,i)e2xa, ^i) ^ n Note that C\(Uig^ C}) C C„ and 

C\(U6a, CO)CiP„ Since the Cf'sare meager andX\(U(,,,)e2x. Cf ) is dense in X\ (Ue. Cf). 
The assumption gives {x, y) e (U^e^ x C/) n C^. Then {x, y) G (U^e^ x C/) n (C„ x L>„), 
which is absurd. 



(b) Let j)g2xa) family given by Lemmas 4.1. (b) and 4.3. As the C?'s are singletons, they 

are meager. □ 

Remark. Note that A(X\(U(,,,)e2x. Cf )) = A(X) n ((X\(Ue. C})) x Cf))) is a 

closed subset of (X\(Uje^ C}))y~{^\{V}i^^ C°)). This shows that the spaces X^ , X^ of Conjecture 
2 cannot be both compact, which is quite unusual in this kind of dichotomy (even if it was already the 
case in [L2]). Indeed, our example shows that A2, A2 must be separable by a closed set C, and C, A2 
must have disjoint projections. If X2,X2 are compact, then C and its projections are compact too. 
The product of these compact projections is a (Sg x ^2)<y separating from A2, which caimot 
be. We will meet an example where X = S*^. This fact imphes that we caimot extend the continuous 
maps of Theorem 1.5.(e) to 3'^ in general. 

To ensure the possibiUty of the reduction, we introduce the following notion: 

Definition 4.8 Let 1 <^ <0Ji. A (^-disjoint family (C'?)^^ j)g2xa; of subsets of a Q-dimensional Polish 
space X is said to be very comparing if for each integer q there is a partition {Oq)p^oj o/X into 
sets such that, for each iEoj, 

(a) if q<i, then there is Pg&u such that C° U Cf C.Oq'^, 

(b) ifq>iand£e2, then Cf C Of+^ 

(c) if{e,i)e2xu,then\J^^, f]q>r 0,'*+^ = Q. 

Lemma 4.9 There is a very comparing 1-disjoint family (Cf j)g2xa) of subsets ofu'^ satisfying the 
assumptions (and thus the conclusion) of Lemma 4.7. (a). 

Proof. Let (Cf)(£ j)g2xw be the family given by Lemmas 4.1.(b), 4.3, and 4.7.(b). It remains to 
check Condition (c). Note first that the inclusion IJr->« V\q>r O'^^^ 2 Cf holds for any comparing 
^-disjoint family. 
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Conversely, 

Ur>i r\q>r Of^"^ = [jr>i r\q>r ^b{i){2\b{i)\+ef^^''^'<i '•^''^'^^+^^-^''^^^^ 

={bmm\+er}=c^. 

This finishes the proof. □ 

Notation. We now recall some facts about the Gandy-Harrington topology (see [L2]). Let Z be a 
recursively presented Polish space. The Gandy-Harrington topology GH on Z is generated by the 
El subsets of Z. WesetJ^z --{zeZ \ ujf = Lo^^}. Thenri^ is T/, dense in (Z,GH), and T^nJ^z 
is a clopen subset of {^z, GH) for each W e Sl{Z). Moreover, {^z, GH) is a 0-dimensional Polish 
space. So we fix a complete compatible metric d^jj on {^Iz, GH). 

The following notion is important for the next proof. 

Definition 4.10 Let a be a countable set, ^ < oji, and T := ("^f )(£^i)g2xtj ^-disjoint family of 

subsets of a^. We say that s G a^'^ is F-suitable if there is (a, j3) G Uiew ^'i ^ ^'-^ s = af\j5 
is the longest common initial segment of a and p. 

Example. In the next proof, we will take a := 3, ^ := 1, and s will be suitable when s is empty 
or finishes with 2. If : a; — > {s S 3^'^ | s is suitable} is a bijection such that {\G{i)\)^^^ is non- 
decreasing, then we can define a 1-disjoint family /" of subsets of 3'^ by Sf := {6{i)sa \ q G 2'^}, and 
s is suitable exactly when s is J^-suitable. 

In particular, a non suitable sequence is of the form set, where s is suitable, e G 2 and t G 2<'^ (we 
will use this notation in the next proof). If 7^ s is suitable, then we set 

s~ :=s|max{/ < |,s| | s\l is suitable}. 

Lemma 4.11 Let X be a 0-dimensional Polish space, (C?)(£ j)£2xa; ^ comparing 1-disjoint 
family of subsets o/X, X, Y be Polish spaces, and Aq, Ai be disjoint analytic subsets ofXxY. Then 
one of the following holds: 

(a) Aq is separable from Ai by a (Sg x Sg)^ set, 

(b) (X\(Uea, Cl),X\U^^ ^?{^),A(X\(U(,,,),2x. C!)),[j,e. CfxCl) < {X,Y,Ao,A,). 

Proof. We may assume that X, Y are recursively presented and that Aq, Ai are S^. Assume that (a) 
does not hold. By Theorem 2.5 we get AT := fl Ai^^^'^'^ ^ 0. Lemma 2.2 implies that 

{x, y)^Af^''^'' ^3C,De Si n n? {x,y)eCxDC ^Ai 

^3C,DeAlnn^ {x,y)eCxDc^Ai. 

This and Proposition 1.4 in [Lol] show that N is S^. We construct 

- A sequence {xu)ue3<'^ ^f points of X, 

- A sequence {yu)ue3<'^ of points of Y, 

- A sequence (X„)„g3<c^ of subsets of X, 

- A sequence {Yu)u£3<" of -^1 subsets of Y, 

- A sequence {Vs)g^^<u suitable ^1 subsets of X x y. 
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We want these objects to satisfy the following conditions: 

(1) {Xu,yu)&XuXYu 

(2) {xs,ys) &VsQN n QxxY if s is suitable 

(3) Q Xu if u is suitable OTu = sOt, and Xsit2 ^ Xg 

(4) Yue QYu if u is suitable or u = slt, and ^30*2 Q 

(5) Vs C 14- if / s is suitable 

(6) diam(X„), diam(y„) < 2-l"l 

(7) diamQH(^s) < 2~l*l if s is suitable 

(8) {xso, Vsi) G (Ho [(X, X y,) n F,] X Hi [(X, X y,) n F,]) n if s is suitable 

(9) {xsot, Vsit) = {xso, Vsi) if s is suitable and t G 2<'^ 

• Assume that this is done. We define : oj^'^ 3^'*' by <;i(0) := and 

f (j){s)2e if n = 2|s|+£or {s^^ dSiAn^s{\s\-l)), 
(Pisn) := j ^^^^^ ^ (n = 2g+£ and q^\s\) and (^s = or (s 7^ and n = s(|s|-l))) . 

This map allows us to define : o;'^ ^ 3'^ by $ (7) (p) : = ^ (7 |(p + 1 ) ) (p) , and $ is continuous. 

As (Cf )(e,j)e2xa; is vcry comparing, there are some witnesses {Oq)p,=c^. Let x G X. As in the 
proof of Lemma 4.4, we associate the sequence {pq)qeuj G defined by x G Og'. As (Cf )(£ j)g2xa) 
is very comparing, {pq)q^u is not eventually constant if re ^ U(£,i)e2xa; ^t- ^^^^ ^{{Pq)q&uj) has 
infinitely many 2's in this case. If a; G Cf, then 

$((p,),e.)=^>(p^...p:-i(22+£)°°)=0(p^o-Pti)2£~. 

If a; G X\(U^g^ C}), then the increasing sequence {n^)keuj of integers such that <i> ((pq)gg^) is suit- 
able or of the form sOt is infinite. Condition (3) implies that (^$((pq)qg„)|n^)fcea) is non-increasing. 
Moreover, (X$((p^)^g„)|„o)feea; is a sequence of nonempty closed subsets of X whose diameters tend 
to 0, so that we can define {f{x)} := flfeeo; ^*((p,),e.)|nO = OkGuj ^<f ((p,),6.)|nO- This defines a 
continuous map / : X\ ((Jj^^ C}) X with /(x) = lim^^oo ^*((p,),s^)|nO- Similarly, we define 
9-^\{[Jieuj C'P)^>" continuous with5(x) = Umfe_,oo y$((p,),g„)|ni- 

If X ^ U(£i)e2xw ^i' sequence {kj)j of integers such that ^(^{pq)q^^^\kj is suitable 

is an infinite subsequence of both {nDk^ui and {nDk^uj- Note that (V$((p^)^g^)|^.^ )j£^ is a non- 
increasing sequence of nonempty closed subsets of x Y whose GH-diameters tend to 0, so that we 
can define F(x) by {F{x)} :=C].^^ ^*((p.).6u.)|ik, '^NQAq. As F(x) is the limit (in (X x Y, GH), 
and thus in X xY) of (x$((p^)^g^)|fc.,y$((p^)^g^)|jt.)jea;, we get F{x) = {f{x),g{x)). Therefore 
A(X\(U(e,)e2x. C^))Q{fxg)-\Ao). 

Note that x^o = XgQ2 = ... = x^q^+i for each s suitable. Thus 

/(x)=Umg_^(X) ^(/>(pj|...p|_i)209+l =^(/>(pj,...p|_i)20 

if X G cf. Similarly, g{y) = j2i if y G and Uie^ x C (/ x ff)"^^!)- 
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• Let us prove that the construction is possible. As AT ^ 0, we can choose (xg , y0 ) G AT n J7x xY,^ 
subset V(/jOf XxY with (x0, 2/0) G C NCiQxxY of GH-diameter at most 1, and a Z"}* neighborhood 
X0 (resp., I0) of X0 (resp., 7/0) of diameter at most 1. Assume that (a;„)„g3<;, (y„)„e3<i, (Xu)„g3<!, 
(yu)ue3^' and {Vs)g^^<i suitable satisfying (l)-(9) have been constructed, which is the case for 1 = 0. 

Let s e 3<'^ be suitable^otethat {xs, Vs) e {Xs x Ys) (iVs^ We choose X',Y'e 

with {xs, Vs) (^X'x Y' CX'xY' CXsX Ys. As Ue[{X' x Y') n V^] is S^, Ue[{X' x Y') n F^] is 
Sl n 115. In particular, UeiiX' x Y') n Vs] is T2-open. This shows the existence of 

(^.0, y.i) e {Uo[{X' X Y') n v^] x Hi [(X' x Y') n K]) n Ai. 

Note that (a;<jo, ysi) GX'xy CX^xy^. We set Xgi :=Xs, yso ■=ys- We defined Xu, Uu whenuGS'"^^ 
is not suitable but u\l is suitable. 

Assume now that u G 3'+^ is suitable, but not u\l. This gives (s, e, t) such that u = set2. Assume 
first that e = 0. Note that Xgot = Xso e Xgot n XIq [{Xg x Yg) n 1^] . This gives 

x^eXsotnUo[(XsxYs)nVs], 

and also y„ with y„) G ((Xsot n X^) xF^) nVs = {XsotxYg) nVg. If £=1, then similarly we get 

)e{XsxYsit)nVs. 

If u and u\l are both suitable, or both non suitable, then we set {xu,yu) '■= {xu\hyu\i)- So we 
defined x^, Vu in any case. Note that Conditions (8) and (9) are fulfilled, and that (xs,ys) G Vg- if s 
is suitable. Moreover, Xu G X^^i if u\l is suitable or u\l = sOt, and Xu& Xg if u = slt2, and similarly 
in Y. We choose sets X„, 1^ of diameter at most 2~'~^ with 

{Xu\i X if is not suitable or tt|Hs suitable, 
Xu\ixYs if u = s0t2, 
X,xy„|,ifu = sU2. 

It remains to choose, when s is suitable, Vg G (X x Y) of GH-diameter at most 2^'^^ such that 
{xg,yg)eVgCVg-. □ 

WesetX|:=w'^\{u(2|M| + l-e)°° | ?xGa;<'^} = X\((Jie^ C/"^), 

A0:=A(a;-\M2|n|+£r |(^,6)Ga;<-x2}) = A(X\( (j Cf)), 

(£,i)e2xai 

andAi:={(^x(2|n|)~,'u(2|u| + l)~) | uGa;<'^} = Ueo. CfxC}. 

Corollary 4.12 Let X, Y be Polish spaces, and Aq, be disjoint analytic subsets of X xY. Then 
exactly one of the following holds: 

(a) Aq is separable from Ai by a (5)2 x ^2)(r 

(b) {X°2,Xl,AlAl)<{X,Y,Ao,Ai). 
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Remark. In the remark after Lemma 4.7 we announced an example with X := 3'^. In fact, we already 
met it after Definition 4.10. Recall that the formula Sf := {9{i)ea \ a G 2'*'} defines a 1-disjoint 
family of subsets of 3"^, which are clearly meager. It is also clear that no nonempty clopen subset of 
3'^ is (Uiew '^i ^ 5'i^)-discrete. One can check that the formula 

[Jte2Wi)\-\e{i)\ Ng^i)^t ifp=2i+£<2q+l, 
3"\(Up'<2,+i Ot)ifp = 2q+2, 
0ifp>2g+3, 

defines witnesses for the fact that (S'?)(£,j)e2xa; is very comparing. 

To close this section, we notice that the notion of a very comparing 1-disjoint family gives only a 
sufficient condition, and not a characterization Uke in 3.5, 3.9 or 4.6: 

Proposition 4.13 Let X be a 0-dimensional Polish space, {Cf)i^i^ be a very comparing 1-disjoint 
family of subsets of X,X^CX\{[j^^^ C^"^), C A(X\(U(,,)e2x.. Cf)), and C[j^^^ CfxCf 
be as in the definition of <. Then for any Polish spaces X, Y, and any disjoint analytic subsets Aq, Ai 
ofXxY, 

Aq is not separable from Ai by a {T.\xJ:\)^ set (X°,X\A°,A^) < {X,Y,Ao,Ai). 

5 The case = 3: Baire class two colorings 

Remark. Unlike when ^ G {1, 2}, we cannot have A3 of the form Unew ^n^^n' where (C'n)(£,n)e2xa; 
is a 2-disjoint family. Indeed, we will see that there is a Borel graph G C 2*^ x 2'^ of a partial 
injection such that (2'^,G) ;^^o (luj, -iA(cj)). We would get / : X3 ^ 2'^ continuous such that 
A3C (/x/)-^(G), and f[C^]xf[C^] would be a singleton. The set (/x/)[A3] would be countable, 
and (2"^, (/x/)[A3]) ^^0 {uj,^A{uj)), {Xs,As) ^^0 {uj,^A{uj)) would hold, which is absurd. 
However, the following result holds. 

Theorem 5.1 There are a Q-dimensional Polish space X3 and an analytic relation A3 on X3 such 
that for any Polish space X, and for any analytic relation A on X, exactly one of the following holds: 

(a) {X,A) ^^0 {cu,^A{cj)), 

(b) iXs,As) iX,A). 

We can take X3 = w'^, but this is not the most natural thing to do. Note that we can replace 
X3 with any copy of it. Our space X3 will be a dense Gs subset of 2'^, in fact a copy of oj^. This 
Gs subset is not necessary to see that (X3, A3) satisfies the "exactly" part of Theorem 5.1 (i.e., that 
(X3, A3) [lo, ^A{uj))), but it is useful to build and ensure the continuity of the homomorphism 
of Statement (b). The definition of X3 and A3 is based on the construction of the following basic 
objects. 
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Recall the sequence {sn)nGu> defined in the introduction. In Gq, we put s„, i.e., a finite sequence 
of elements of 2, before the changed coordinate. In A3, we will put a finite sequence of elements 
of 2^'^, together with a way to recover them after concatenation, before the changed coordinate. In 
order to do that, we identify w with w^. 

Notation. Let < ., . >: ^ lu be a natural bijection. More precisely, <n,p>:= (Efc<„+p k)+p. 
Note that the inverse bijection q<-^ {{(l)o, {q)i) is build as follows. We set, for g€ w, 

M{q) :=max{mGa; | '^k<m k<q}. 

Then we define {{q)o, {q)i) := {M{q)-q+{llk<M{q) k), q-{^k<M{q) k)). More concretely, 

a; = {< 0,0 >,< 1,0 >,< 0,1 >,...,< M(g), >,< M(g)-1, 1 >,...,< 0, M(q') >,...}. 

If M G 2-'*' and n G w, then we define (n)„ G 2-'*' by {u)n{p) ■= u{< n,p >) if < n,p X \u\. 
Here also we define < oq, ai, ... >G 2^ by < ao, a.\, ... > {< n,p >) := a„(p), for any sequence 
{an)neu of elements of 2'^. In particular, ai->- {{o-)n)j^^^^ and {an)neuj '-^< "O; "i; ■•■ > are inverse 
bijections. 

Lemma 5.2 Let u,ve2<'^. 

(a) uQv implies that {u)n C {y)n for each nEoj. 

(b) \{u)o\<\u\. 

(c) \{u)n\ < |n| + l — n ifn< |n| + l. 

Proof, (a) If < n,p >< \u\, then (n)„(p) = u{< n,p >) = v{< n,p >) = {v)n{p) because of the 
inequality < n,p >< \v\, so that C 

(b) We set, for n,q e uj, := Card({p e uj \< n,p >< q}). As < ., . > is a bijection, we get 
Cg_|_i < + 1. As Cq = 0, < We are done since | | = C|^| . 

(c) Note first that < n,p >= (S^.<„+p k)+p < {T,k<n'+p' k)+p'=< n',p' > if n+p < n'+p', and 
that {q)o+{q)i = M{q)<q<q+l. This implies that q=< {q)o, {q)i >«n, q+l—n > if ra<g+l. 
It remains to apply this to q:=\u\ since | | = C|^| . □ 

We can view Go as the countable union Unecj Gr((^„), where ipn is the homeomorphism defined 
on the basic clopen set Ns„o onto the clopen set A^s„i defined by <y9„(s„07) :=s„l7. The set A3 will 
also be the countable union of the graphs of some homeomorphisms, indexed by ui^^ instead of oj. 
Their domain and range will be Gs subsets of 2"^ instead of clopen sets. We first define the closures 
of these G^'s. They will be copies of 2^. In fact, our homeomorphims will also be defined on the 
closure of these final domains. We will fix the coordinates whose number is in one of the verticals 
before that of the number of the changed coordinate. This leads to the following notation. 

Notation. If tGa;<'^ and A:< Itj, then we set :=Sj<fc {t{j) + 2), and 

St:=< E,<|,| (i(j)+2),0 >=< 4|,0 > 

(St will be the number of the unique changed coordinate). We set Wn :=SnO, so that = n+l and 
{wn)neui is dense (we want Wn to be nonempty). 
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We define the following objects for t^io^'^. 
• We first define a copy Kt of 2^ by 

Kt — lael"^ \yk<\t\ (a)st =(?i;t(fc))oO*('')+^"l('"*('=))ollO°° and 

VO < ^ < t (A;) +2 (a)st = .0~ }. 

This is well defined since | = t{k) + 1, so that we can apply Lemma 5.2.(b) to u := and 

+ l — [(it;j(fc))o| >0. In particular, the last 1 in (a)^* is at the position + Here is the picture 
of iTt whent=(4,2): 



t(0) + 1 

m 

2 
1 




1 



1 





-1(0) 



(2) %,o)(((0)) t",(i)(t(l)) 



"'i(0)(0) '"((0)(*(0) - 1) u,„i,(0) 



—I 1 1 1 1 1 1 1 1 1 

1 2 3 4 5 ((0) + 2 t(0) + 2 + ((1) + 1 

II II 
((0) f(0) + 1 

• We define a non-trivial partition {K^,K^) of Kf into clopen sets by := {a£Kt \ a(Ilt) =e}. 

• We define a homeomorphism ipt'-K^ ^ K} by 99^ (a) (m) := 1 if m = Tjt, a{m) otherwise. 

We can view the construction of Kt, Kf and Lpt inductively. Indeed, JCg = 2^ , is the basic 
clopen set N^, and (^0(a)(m) is 1 when m = 0, a(m) otherwise. Then 

Kt„:={aGi^f"(°^ I (a)s| =K)oO"+^-l("'")«llO~andVO<i<n+2 (a)sf = K)*0°°}, 

I I 1*1 

Kf^:={a^Ktn \ a(< Il|^|-KH-2,0 >) = £}, and (^t„(a)(m) is 1 when m is equal to < S|j|+n+2,0 >, 
a{m) otherwise. 

The set S3 := {a G 2'^ | 3m ^ uj \/n ^uj 3p> n (p)o = m and a{p) = 1} is a standard S3- 
complete set (see 23.A in [K]). We will more or less recover this example, but the I's have to be well 
placed. This leads to the following technical but crucial notion. 

Definition 5.3 We say that u € 2*-^ is placed if and there is t G uj^'^ such that Nu H Kt^9, 
(|n| — 1)0 = and n(|n| — !) = !//' (|u| — l)i>0. We also say that t is a witness for the fact that u 
is placed. 

This means that the last coordinate of u has a number on the vertical on which the coordi- 
nates of the elements of Kt are left free by t, and which is the first vertical with this property. The 
coordinates of u whose number is on one of the verticals before the previous one are determined by 
t. Finally, the last coordinate of u is 1, except maybe if this coordinate has the number St, which is 
at the bottom of the vertical 
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Examples. Let a G Knj = K^^ ^-^ . Then 

• a|l, Q;|(<0,n+1>+1) are placed with witness 0. 

• Q;|(<n+2, 0>+l), Q;|(<n+2, j+l>+l) are placed with witness (n). 

• a\{< n + 2 + j + 2,0 > +1) is placed with witness (n,j). If a(< n + 2 + j + 2,q >) = 1, then 
a|(<n+2+j+2,g>+l) is placed with witness (ra,j). 

We are now ready to define X3 and A3. 

Notation. WesetX3:={aG2'^ I VnGw 3p>n a|p is placed}. Let tGw<'^. We set 

Ht:={a^K^ \ ^n&uj 3p>n (p)o = S|t| and a(j3) = 1}, 
and A3 :=Utea)<" ^^i'^t\Ht)- sense, we recover §3. More concretely, 

A3= [J |('u07,Ml7) I |«| = St andn07GKt andVnGo; 3p>ra (n07)(< >) = l|. 

Lemma 5.4 Let t G uj^'^ and e G 2. 

faj (-f^tn)nea),«)„(o)=£ Sequence ofpairwise disjoint meager subsets of Kf. 
(b) Any nonempty open subset ofKf contains one of the Ktn 's. 

Proof, (a) This comes from the fact that the last 1 in (a)^* is at the position n+ 1 if a G Ktn- 

I ''I 

(b) A nonempty open subset of contains a basic clopen set C of the form 

{aeK^ I £uC< (a)s*^|,(a)s*^|+i,... >}, 

where u G 2^^. We choose n G a; such that en C Wn- It remains to see that Ktn Q C. So let 
m=< i,p >< \u\. Note first that M(g) <min(g, M{q+1)). Thus, as |n| < \wn\ = n+l, 

i = {m)o<{m)o + (m)i = M{m)<M{\u\)<M(n+l)<n+l<n+2. 

Lemma 5.2. (a) allows us to write 

{£u){m) = {eu){< i,p >) = (eu)j(p) = = (a)^* 

I ^ I 

= (< (")Ef^|>(")Ef^|+l>- >)iip) = {< (")sf^|>(«)s*^|+l>- >)M- 

This finishes the proof. □ 

We now start to prove the required properties of X3 and A3. 

Lemma 5.5 (a) The set X3 is a dense YI2 subset of 2'^. In particular, X3 is a ^-dimensional Polish 
space. 

(b) Let t G oj^'^. The set Ht is a dense II^ subset ofK^. 

(c) The set A3 is a S3 subset o/X|. In particular, A3 is an analytic relation on X3. 

(d) LetfSeco'^. Then n.„e^ ^/3|(n+i) ^X3. 
f^J(X3,A3) z<AO {u;,^A{u;)). 
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Proof, (a) X3 is clearly a II^ subset of 2'*'. So let us prove its density. We just have to prove that 
(a G 2'*' I 3p>n a\p is placed} is dense in 2^ for each integer n. So let 7^ u; G 2^'*'. Note that 

a:='wl°° ENyj^Q-^ = K^^^\ Letp>max(n, with (p)o = 0. Then a|(p+l) is placed with witness 
t:=t 

(b) Ht is clearly a Ilg subset of K^. So let us prove its density. We just have to prove the density 
in of the set {a € \ 3p > n {p)q = and a{p) = l}, for each integer n. If \t\ = 0, 

then = K^. As in the proof of (a), we see (with w{j)) := 0) that a := e Nyj D and 
p>max(n, \w\) with (p)o = are suitable. If \t\ > 1, then we argue similarly. We put again wl°°, in 
the coordinates not determined by t. 

(c) By (b), A3 is a subset of 2'*' x 2'*'. So we just have to see that A3 C which is clear. 

(d) Let a G Pl^g^ -fT^jK^+i). Note that the sequence is strictly increasing. In particular, 

p:=< sf^^+^),/3(n + l) + l >+!>< > +1 > + 1> n and t := + 1) are 

witnesses for the fact fact a GX3. 

(e) We argue by contradiction, which gives a partition (C„)nGcj of X3 into A3-discrete 

ra G a; and t G w^^. Let us prove that there is i G a; such that C„ Pi Kn = 0. We argue by contradiction. 
By Lemma 5.4, C„ fl is dense in Kf for each e G 2. As C„ fl Kf is II^, it is comeager in Kf. By 

(b), Ht is also comeager in K^, so that this is also the case of Ht- In particular, ipt[Cn n i^t] 
is comeager in i^/, and C„ n (/9t[C„ fl Ht\ too. In particular, C„ n ^pt[Cn H -ffj] is not empty, which 
contradicts the A3-discreteness of Cn- 

Applying this inductively, we construct /3 G w'^ such that C„ fl = for each n&oo. By 

compactness, there is a G flneo; ^/3|(n+i)» and a ^ Unew C'„ = X3. But this contradicts (d). □ 

The following uniqueness properties will be important in the sequel. 

Lemma 5.6 Let teuj^'^ and a G Kt. 

(a) Assume that u G 2^"^ is placed with witness t. Then < \u\, the last 1 in u strictly before the 
position < > is at the position < S^, t{k) + l > for each k < \t\, and t is unique. 

(b) Let p>T,t be such that a\p is placed with witness t'. Then t C t'. 

Proof, (a) As {\u\ — l)o = we may assume that |t [ > 1. Let a G A^^^ n Kt. Then 

(«)s*=K(fc))oO*w+^-i(-*«)oiio- 

for each A;< 

In particular, a{< Y^\,t{k)+1 >) = !. As < n+p+1,0 >>< n,p > and (l-ul — l)o = S|j|, we get 
|u|>|'u|-l>< Sf^pO >=St>< S*^i,0 »< S*,t(A;) + l >. Thus u{< S*,i(A;) + l >) = !. 

• Let us prove that the last 1 in n strictly before the position < S^^j^,0 > is at the position 
< + 1 >. The consecutive integers between the values < S^,i(A;) + l > and < Sj,_^^,0 > 

are < S*„t(/c) + l >, < S* -l,t(A;)+2 >, < 0, S^+i(A;) + l > and < S*^^,0 >. So we have to 
see that «(< + >) = Oif 0<j<E^. 
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There are A;' < A; and i < t{k')+2 such that —j = S^, +i In particular, 
t(fc) + l+j = E*+i-l-4,-i>t(fe')+2-i. 
Lemma 5.2.(c) applied to Wt(^k') implies that <t(A;')+2— i Thus 

a{< T.l,+i,t{k) + l+j >) = 0, 

and we are done. 

• As the last 1 in -u strictly before the position < S|^|,0 > is at the position < — 1) + 1 >, 
t{\t\ — 1) is determined. It remains to iterate this argument to see the uniqueness of t. 

(b) We argue by induction on I := \t\, and we may assume that our property is proved for So let 
t G a;'+^, a G Kt, and p > be such that a\p is placed with witness t'. Note that a G and p > S^|;. 
By the induction assumption, we get t |Z C t'. 

Let us prove that t\l / t'. We argue by contradiction, so that (p — l)o = Sj' = Sj. Note that 
< + l ><St<p. Thus (p-l)i>t(Z) + l>0 and q;(p-1) = ! = «(< Sf, (p-l)i >). As 

aeKt,ihe last 1 of (q;)s* is at the position t{l) + l, which is absurd. 

This shows the existence of t\l). Let /3 G A^Q,|p n Kf. The last 1 of is at the position t\l)+l. 
As < + l ><p-l=< (p-l)i >, it is also the last 1 of (/3b)Ej = ("|p)s*- But the last 

1 of (q;|p)s* is at the position t{l) + l, so that t'{l) = t{l) mdtCt'. □ 

Definition 5.7 Le? u G 2<'^ ant/ / G u. 

(a) If u is placed, then let t G w^'^ be the unique witness given by Lemma 5.6.(b). We will consider 

• the length l{u):=\t\ 

• the sequence u^*^"-* G 2'"' \{u\ defined by u'^"^ (m) := l—u{m) ifm = Sj, u{m) otherwise. Note that 
yl{u) placed with witness t, so that /(u'^"^) = Z(u) and (-u' ("))'(") =u 

• <ijg?Y £(n) :='u(St). £('u'(")) = l-£(n). 

Ci»J We say that u is l-placed if u is placed and l{u) = I. We say that u is (< l)-placed (resp., 
(< l)-placed, (> l)-placed) if there is I' <l ( resp., V <l, V >l) such that u is V -placed. 

The following lemma will be crucial in the construction of the homomorphism. We construct 
some finite approximations of the homomorphism. The lemma says that these finite approximations 
can be constructed independently. 

Lemma 5.S Let uj^vE 2<'^ be placed with e{u) = £{v). Then {u, }n{v, v^^"^ } = 0. 

Proof. Note first that = l-e{u) = l-e{v) = e(?;'(^)). Thus u ^ {v, and v. If 

tx'(") = i;'("),then n= = = i;, which is absurd. □ 
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When we consider the finite approximations of an element of A3, we have to guess the finite 
sequence t. We usually make some mistakes. In this case, we have to be able to come back to an 
earher position. This is the role of the following predecessors. 

Notation. Let uG 2<'*'. Note that < e > is 0-placed. This allows us to define 

_ f 0if k|<l, 

ulmaxln < \u\ \ u\n is placed} if \u\ > 2. 

and, for / G w, 

_i r0ifH<i, 

|n|max{n<|n| | -ulnis (<Z)-placed} if |n| >2, 

Before proving our main theorem, we study the relation between these predecessors and the placed 
sequences. 

Lemma 5.9 Let I G u and u G 2<'^ be l-placed with |u| > 2. 

(a) Assume thatu~ is l-placed. Then e{u~) = e{u). If moreover is l-placed, then = {u~)K 

(b) is l-placed if and only if{v}')~^ is l-placed. In this case, £{u~^) = e{u) and = {u~^)K 

(c) Assume that u~ or {u^)~ is (< l)-placed. Then u~ = n~' = (u')" = (n')~' is [l — l)-placed. 

(d) Assume that or is (> l)-placed. Then exactly one of those two sequences is (> /)- 
placed, and the other one is l-placed. If (resp., {v})' ) is {> l)-placed, then = {{v}')~) (resp., 
u"^ = u~ ) and £(vr^) = £{u) (resp., £((n')~') =£(u')J. 

(e) l{u-^)e{l-l,l}. 

Proof. Let i G (resp. i' Gw^") be a witness for the fact that ?i (resp., u~)is placed, andaGA^^ni^t. 

Claim. Assume that (l-ul — l)i = 0. Then u" = = = {u^)~^ is {I — l)-placed. 

Proof. Note that I > 1 since \u\ > 2. The consecutive integers between the values < T.\_^,t{l—l)-\-l > 
and St are < E*_-^,t(Z-l) + l >, < - 1, t(Z- 1) + 2 >, < 0, + + l > and S^. 

By Lemma 5.6.(b), St < \u\ and the last 1 in u strictly before the position St is at the position 

< S*_^,t(/-1) + 1 >. This shows that n| (St + 1) and ■u|(< Sj_-^,t(/-l) + l > +1) are placed and 

(n|(St+l))" = u|(< S*_-^,t(/-l)+l > +1) since t(/-l)+j>0 if l<j<S*_-^+L As (|u|-l)i = 0, 
|n| = St+l and the sequence u" =u\{< S*_j^,f(Z — 1) + 1 >+l) is (Z — l)-placed, which implies that 
u~ =u~^ = {v!-)~ = {v!-)~^ . o 

(a) By the claim, {\u\ — l)i > 0. Thus ■u|(St + l) ^ u is Z-placed, n|(St + l) C u~ and St < \u^\. As 
u~ C a, we can apply Lemma 5.6.(c) and t C t'. Thus t = t' since \t\ = \t'\ = I, and the equaUties 
£{u-) = {u- ) (St/ ) = u{Et) = £{u) hold. 

Assume now that is /-placed. As -u' is Z-placed with witness t, there is some P G N^i D Kf. 
Asu\{T,t + l)<^u-^u, we get (u|(St + l))' C c^. Thus |(M')-|>St. Lemma 5.6.(c) implies 
that t is the witness for the fact that (n')~ is Z-placed. If u~ = u\(< S*, jo > +1), then there is no 
jo<j<(h|-l)i withti(< Sf,j >) = l,and(«0"=^^'l(< Sf,jo >+l) = («-)^ 



24 



(b) Assume that is /-placed. As in (a) we get (|«| — l)i > and ji with u^' = u\{< S*, ji > +1), 
and {v})^^ = 'u'|(< Sj, ji > +1) = {u~^)^ is /-placed. The equivalence comes from the fact that 
(u')' = 'u. We argue as in (a) to see that £{u~^)=£{u) if is /-placed. 

(c) Assume first that u~ is (< /)-placed. The proof of (a) shows that \t'\ > I if — l)i > 0. Thus 
(|n| — l)i = and the claim gives the result. If {v!')~ is (< /)-placed, then we apply this to v}, using 
the facts that is /-placed and {v})'' = u. 

(d) Assume first that u~ is (> /)-placed. As in (a) we get t ^ t'. In particular, the last 1 in ('u"')^* is at 

the position t'(/)+l. Let us prove that it"' = u|(< Ef,t'(/)+l >+l). Note that u|(< Ef,t'(/)+l >+l) 
is /-placed, so that u\{< Ept'(/)-|-l > +1) C C u~ . Lemma 5.6. (c) shows that it~' is /-placed 
with witness t. As the last 1 in {u~)Y,t is at the position t'{l) + l, we are done. 

Note that m'|(< E*,t'(/)-hl > +1) C (u')". We argue by contradiction to see that {v}) is not 
(> /)-placed. This gives a witness t" , which is a strict extension of t by Lemma 5.6.(c). We saw that 
the last 1 in is at the position t'(/)-|-l. But it is also at the position t"(/) + l, which shows 

that t"{l) = t'{l). Thus u'(St) = Wt»{i){'S) = Wt,i^i){Q). But u^iT^t) = «^t'(i)(0). This impUes that 
u'(St) = l-i/;t/(;)(0), which is absurd. This shows that =u'|(< Y:j,t'{l) + 1 >+l) = {u'y is 
/-placed, so that u"' = ((n')") . Moreover, £{u~^) = = 'u(St) = £('u). 

Assume now that (it^)~ is (> /)-placed. As u'' is /-placed and = /, the previous arguments 
show that u" is /-placed. In particular, u~''=u~. 

(e) If is /-placed, then = u~ is /-placed. If u~ is (< /)-placed, then by (c) u^^ is (/— l)-placed. 
If u~ is (> /)-placed, then by (d) {v})~ is /-placed and = is /-placed too. □ 

Proof of Theorem 5.1. X3 and A3 have been defined before. The "exactly" part comes from Lemma 
5.5. (e). So we just have to prove that (a) or (b) holds. We may assume that X is recursively presented 
and ^ is a Sl relation. We set 

U:=[j^VeSl{X)fMii\3DeA\^Ill{uy<X) V q\J i:>p and VpGu; A n L>2 = 0|. 
Casel. /7 = X. 

There is a countable covering of X into ^-discrete S3 sets. We just have to reduce them to get a 
partition showing that (a) holds. 

CsiseLU^X. 

Note that if F is as in the definition of U, then V and Upew disjoint Sl sets, separable 

by a 115 set. By Theorems l.A and l.B in [Lol], there is G fl 11° separating these two sets. 

This shows that we can replace the condition G Sl{X) n n?" with G A\{X) n H?" in the 
definition of U. Thus U is nl{X) n since the set of codes for A{ n 11^ sets is i7/ if ^ < wp^ 
(see [Lol]). This shows that Y ■.=X\U is a nonempty El n subset of X. 
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Claim IfVeSl {X) n 11? meets Y, then V f^Y is not A-discrete. 

We argue by contradiction. Note that V lr^Y ^ Sl r\ IV%. Lemma 2.2 gives a A\{X) n 11^ set 
containing V r\Y and ^-discrete. As 1^ fl C/ can be covered with some Upgw -^p's^ so is V. Thus 
V<^U,hy Zi^-selection. Therefore V f\Y QU\U = which is absurd. o 

• We construct, when u is placed, some points x„ of Y, some subsets Xu of X, and some Sl 
subsets Uu of X'^. We want these objects to satisfy the following conditions: 

{{xu,x^iiu))&Uu iie{u) = Q 
(.x„,(„),a;„)G[/'„if £('u) = l 

(2) X„CX„- if |u|>2 

(3) Uu = U^i(u) C A n n $7^2 » and Uu ^ Uu-i if u and are i-placed 

(4) diam(X„) < 2-l"l and diamQjj(?7„) < 2-l''l 



(5) C/„C.^ 



no[(x„-. xx^^_,^,(„-,)) n if £(u-')=o 

if u is Z-placed and is not 

^i[{X^u-iy(.-')XX^-i)r^U^-if if = 1 



As we will see. Conditions (l)-(4) are sufficient to get the required objects. Condition (5) is used 
to prove that the construction is possible. The idea is the following. When we extend some u G 2^^, 
some new links may appear. But we may also break some links, and preserve only an initial segment 
of them. In this case, to ensure Condition (3), we have to be able to come back to the last preserved 
link. This is possible if we use iteratively Conditions (3) and (5). 

• Assume that this is done. Let a € X3 and {p'^)keuj be the infinite strictly increasing sequence of 
integers f ^ > 1 such that is placed. Note that X„|pa^^ C X^ip'j^, by Condition (2). This shows 
that is a non-increasing sequence of nonempty closed subsets of X whose diameters tend 

to 0, and we define {/(a)} := Clkeoj ^ab^ = Clkeoj -^alp"^^ so that / : X3 — > X is continuous and 

Now let (a, /?) € A3. If (a, /3) G|J|t|=i ^^iVt\Ht)' "^ben let {pj)j£oj be the infinite strictly increas- 
ing sequence of integers pj > 1 such that {pj—l)o = {pj — l)i > and a{pj — l) = 1. In particular, 
a\pj is Z-placed and e{a\pj) = 0. Note that {pj)j^^ is also the infinite strictly increasing sequence of 
integers pj > 1 such that (pj— l)o = (pj— l)i > and ^{pj—1) = 1 on one side, and a subsequence 

of both (jp%)keuj and {jpl)keuj on the other side. 

If moreover p > po and a\p is placed, then the witness is an extension of t and l{a\p) > I, 
by Lemma 5.6.(c). In particular, if p > po and a\p is Z-placed, then the witness is t. This proves 
that {pj)jecj is the infinite strictly increasing sequence of integers pj > pQ such that a\pj is l- 
placed. Therefore {a\pj-^-l)~'■ = a\pj. By Condition (3), (C^a|p^)jet<j is a non-increasing sequence 
of nonempty clopen subsets of ^ fl Ojsf 2 whose GH-diameter tend to 0. So we can define F{a, I3)eA 
by {F{a,(3)} := f]^^^ U^\p.. Note that F{a, 13) =Mmj^^ {x^\p.,xp\p.) = {f{a),f{P)) G A, so 
thatA3C(/x/)-H^). 
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• Let us prove that the construction is possible. We do it by induction on the length k of u. 
Subcase 1. k = 

We are done since is not placed. 
Subcase 2. k = l 

The claim gives (xq, xi) G^ny^nJlx^- We choose a neighborhood X^/ of x^r with diameter 
at most 2^^, as well as a subset Uq = Ui of X'^ with GH-diameter at most such that {xq, xi) 
is in J7o C A n n Q.x'^- We are done since < e' > is 0-placed and e(< e' >) = £'. 

Subcase 3. A; > 2 

If there is no placed sequence in 2*^, then there is nothing to do. If m G 2*^ is Z-placed, then G 2^ 
is Z-placed and £(n') = 1 — e(?/). Assume for example that e(n) = 0. Lemma 5.8 ensures that we just 
have to define Xu, x^i , X„, X^i and Z7„ = U^i, independently from the other sequences in 2^^. 

- If u" and are Z-placed, then {u~,{vl-)~) = (n')~'). Moreover, e{u~) = e{u) = 0, 
(n')~ = {u~y and = (n~')', by Lemma 5.9. We set x^i) := , x^^^-y), we choose 
sets Xu , X^i with diameter at most 2~^ such that (x„ , x„i ) G X„ x X^i ^ X„ x X^i C X^- x Xj^^- y , as 
well as a Sl subset [/„ of with GH-diameter at most 2^^ such that (x^, x^i) ^UuQ Uy^- = U^-i. 
We are done since = C C/^- = Uf^^-y = U{u->-y = U(^u')-'- 

- If or is (< Z)-placed, then u~ =u~^ = {vf)~ = («^)~' is (Z — l)-placed, by Lemma 5.9.(c). 
Let W he a Si neighborhood of x„- = X(„()- with W C Xy_- . Note that 

' no[(x„- xX(„-y-i) n if £(n-)=o, 
. ni[(X(„-)i-i xx„-) n [/„-] if £(u-) = L 

Assume for example that we are in the second case. Then 

x„- gTT n ni[(X(„-y_i xx„-) n f/„-] n y^0. 

The claim gives a couple (x„, ) G An (14^ nlli [{X^^^-y-i x ) n Z7„-] nF)^nn^2 since the 
set ly n Hi X Xu- ) n Z7„-] is n n?. We choose sets X^,, X„! with diameter at most 

2"*^ such that (x^ , x„; ) G X^ x X„; C X„ x X„; C Xu- X X(„!-)- , as well as a subset Uu of X^ with 

GH-diameter at most 2"*^ such that {xu, x„i ) £ ^ A n Hi [(X(„- y-i x X„- ) n f/^- ] n 1"^ n J^^a • 

- If u" or is (> Z)-placed, then by Lemma 5.9. (d) exactly one of those two sequences is (> Z)- 
placed, and the other one is Z-placed. If u~ (resp., (u'-)^) is (> Z)-placed, then = (resp., 

= u~). So assume first that is (> Z)-placed, so that = (u')"' = (u"^)' and is Z-placed. 
Here is an illustration of what is going on in this case. 



27 








We define {un)n<L by uq := u~ , ul := and Un+i '■= Un^"""^ if n < L. This can be done, 
by Lemma 5.9.(e). Note that Un is placed. We enumerate injectively the sequence {l{un)) by 
the non-increasing sequence {lk)k<K- More concretely, K = Iq — 1>1, 1{uq) = ... = /(uatq-i) = Iq, 

K'^No) = ■■■ = K'^No+Ni-l) = h=lo — 'f, 

K'^No+...+Nk-2) = ■■■ = K'UNo+...+NK-i-l) = ^K-l=iK-2-'^ = ^ + '^ 

and /(nAr(,+...+Ar^_J = /(uL) = /i^ = /, with Nq, Nk-i>1- 

Note that ui = Uq^° is /o-placed if Nq > 2. By Condition (3), we get Uug C 17^- We can iterate 
this argument, so that the inclusion Uuq C Uuff^_^ holds, even if Nq = 1. By Condition (5), is in 

' no[(X„^^^ xX(„^^^yO n C/„^J if e('UiVo) = 0, 



x„- n < 



1. 



Similarly, X„- C X„ 



28 



This gives 

r xX(„^^yi) n U^^^ if £(uAro) = 0, 

If we iterate the previous argument, then we get 



{xu,x^i):={x^ ',xf ')e{X^- xX(„^^^ n = xX^^-iy) n U^-i 

since £{u~^) = e{u) = 0. We choose Z"}* sets Xu, X^i with diameter at most 2^^ such that 

x„( ) G X„ X C X X^i C X = X^- X , 

as well as a 17^^ subset Uu of with GH-diameter at most such that x^i) eUuQ U^-i- 

If now (m')^ is (> Q-placed, then we argue similarly, using the fact that 

e{{u^)-^)=e{u^) = l-e{u) = l. 

This finishes the proof. □ 

At the beginning of the section, we mentioned the fact that it is not necessary to use the dense Gs 
subset Xa of 2'^ to find a relation G on 2'^ satisfying (2'^, G) y<^o [ou, ^A{uj)) . We now specify this. 

Notation. We set, for te^<-,i7t:=KO\(U„e^,^„(o)=o U U„e<,,^„(o)=i V7\Ktn)). Note 
that Ht is a subset of 2'^ and Ht n (^ti^t] = 0. 

Lemma 5.10 (a) The Ht U (pt[Ht] 's are pairwise disjoint. 

(b) The set Ht is a subset of Ht, and thus satisfies the previous disjointness properties. 

Proof, (a) Note first that Ktn C K^'^^^^ C Kt and {Ktn)n is a sequence of pairwise disjoint sets. This 
implies that KtHRf = $ift, t' are incompatible. In particular, as Ht C -?^°\(UnGcj w„{o)=o ^tn) Q Kt 
and ipt[Ht] C i^A(Unecu,«,„(o)=i ^tn) C Kt, we also get {Ht U ipt[Ht]) D {Ht' U MHf]) = if ^ 
and t' are incompatible. Now 

Ht n QHtd Kt[(^t'n)\i] 



C 



i^Oni^/ifs(4,,)(o)(o) = i, 

"■-f^t^fn)!!] n -fCt[(t/„)|i] if S(t/„)(o)(0) = 0, 



sothat^i n^t/ = 0if tT^i'. Similarly, {HtUift[Ht]) D {Hf U (pt'[Ht']) = $ if t^t' . 
(b) If a G Ktn U tpt^{Ktn), then (a) has finitely many I's. □ 



1*1 



Remarks, (a) We set G := Utew<" Gr{(pt\Hj, so that (2'^,G) 2<^o (w, -.A(a;)), by the proof 
of Lemma 5.5. By Lemma 5.10, G is the Borel graph of a partial injection, as aimounced at the 
beginning of the section. 
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(b) Note that (X3, A3) (w, -iA(t(;)), as we can see with the following partition of X3: 

X3= U HtU{Xs\{ U Ht)), 

with Ht G and A3-discrete by Lemma 5. lO.(b), X3 \ ((Jte(^<" Ht)ell^ and A3-discrete. 

(c) There are a comparing 2-disjoint family (C?)(£ j)g2xa) of subsets of X3, and also homeomorphisms 
(pi : — >■ Cf such that A3 = IJieo; ^'''(fi)- Indeed, we choose a bijection h : u ^ co^'^ with 
b~^{s) < b~^{t) if s C t, as in the proof of Lemma 4.3, and set C° := Cl := 'Pb{i)[Hb(^i-j], 

■= Vb{i) \Hi,^y SO that A3 = \J-^^ Gr{ipi). It remains to see that (Cf)(£^j)g2xa) is comparing. We set 



' Kt^i)\iUl<q,b(i)nm),^niO)=e Khii)n) if P = 2i+£ < 2^ + 1, 

3\(U'<2,+i 0?')ifP = 29+2, 
ifp>2g+3. 



so that {0'q)p(z^ is a partition of X3 into sets since Km C is:^'^"(°) c Kt, n iC/ = and 
Kt n i^t/ = if i and t' are incompatible. 

As Ht C Kn(Un6.,..(0)=0 ^tn), V'tl^d Q ^^A (Unec.,«,„(0)=l ^* ^ ^ 

Definition 4.2 is fulfilled. If < then 

- either there is no j < g such that h{i) is compatible with h{j). U C} C Ki^^^^ C O^'^^'^ and we set 
P^:=29+2. 

- or there are j < g and n such that b{j)n C in which case ^^(.j) ^ ^b(j)^^ ^ ^b{j)n- particular, 

i^fc(j) is disjoint from or included in each difference \K^jf^n'- Thus K^^^ is disjoint from or 

included in Oq-^^^. By disjointness, there is at most one couple (j, e) such that -fC(,(j) C Oq"'"''^. If it 
exists, then we set := 2j+e. If it does not exist, then we set := 2g+2. 
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